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A method is given for calculating cylindrical-polar coordinates of each atom in a helical poly-
mer from a given set of bond lengths, bond angles, and angles of internal rotation. This should be
useful for an analysis of an X-ray fiber diagram of the helical polymer.

The construction of a model for linear macro-
molecular chains at the atomic scale, considering
their internal freedom and the forces between
their structural units, is a subject of prime im-
portance especially for the study of biological
macromolecules having a regular chain conforma-
tion. In such a study, we usually assume a proper
set of bond lengths, bond angles and dihedral
angles at first, and then we often need to find the
consequent set of cylindrical-polar coordinates of
atoms, so that we can calculate, for example, the
Fourier transform of the atoms on the helix by
the use of the theory of Cochran, Crick, and
Vand.®® Thus, the problem here is to express
explicitly the structural parameters of a helical
conformations, i.e., translation angle #;, radius
pi, and translation distance d;, in terms of a
set of internal coordinates: bond lengths r, bond
angles ¢, and angles of internal rotation z. This
problem has been solved in some special cases of
a limited number of atoms in a repeating unit,
by Shimanouchi and Mizushima,? and Miyazawa.®
We are going to deal with the general case where
a number of atoms are involved in a repeating
unit.

1. Transformation Matrices between
two Internal Coordinates

Let us consider rectangular coordinate systems
[Xi]=(%:; Yi» 2;) and [X;4,] taking éth and
(i+1)th atoms as their origins, respectively. The
systems are shown in Fig. 1. In the [X;]-system,
the x;-axis penetrates the (i+1)th atom along
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Fig. 1. The coordinate system [X;].

the bond (7, i4-1), and the y;-axis lies in the plane
produced by the bonds (i, i—1) and (i, i+1)
having its positive direction in the smaller-angle
side of /i—1, i,i+1. The direction of the z;-axis
is chosen in such a way as to make the coordinate
system right handed. The azimuthal angle about
the bond (i,i+41) is taken as zero at the frans
position of the atoms (i—1) and (i+2), that is
corresponding to a fully stretched zig-zag conforma-
tion. The positive direction of the rotation is
taken as that of the clockwise twist of [ X} ,] about
the x;-axis, when observed from the [Xj]-system.
When we designate the coordinates of an arbi-
trary point referred to the coordinate systems
[X:] and [Xi+.] as X; and X, respectively, a
transformation between them is carried out® as

Xi=Ai 141 Xie1 + Biivrs (1)
where

Ag o1 = A7 i1 A% (1a)
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—cosye1  —Sing; 4 0
Ay = |singiyy —cosghi4y 0 (1b)
0 0 1
1 0 0
At iv1= |0  —costy sy sinTg ;4 (lc)
0 —sinTy 41 —COSTy 441
and

B v = ("i,i,no: 0)t, (1d)

where the symbol 1 indicates transposed, r the bond
length, ¢ the bond angle, and 7 the dihedral
angle.

In general, the same type of the relation men-
tioned above applies to atoms situated n-bonds
apart;

Xi=Ai 40 Xisn = Biins (2)

where A; ;4+n and Bj i;, are given by the fol-
lowing recurrence formula,?

Ajien=Aiien-1"Aisn-1,i4n (2a)

Biiin=Aiisn-1"Bisn-1,64n + Bii+n-1-
(2b)

On expressing repeating units by the subscript
k, and atoms in a recurring unit by i, the relation
(2) is rewritten as

X o= A oa' o5Xa o> + Ba o’ v (3)

where A o’ > and B o > are given by
recurrence formulas similar to Egs. (2a) and (2b),
respectively.

2. Helix Parameters

We next consider a relation between the co-
ordinates of two equivalent atoms which belong
to adjacent two units. Let us consider that each
of these coordinates is given in terms of the coor-
dinate system on the Oth atom in each unit, namely
[Xck,00] and [Xck+1,00]. The relation is given as

Xek,0o = Ack, ook +1,0Xck+1,00 + Ber,oxz+1,00
(4)

The subscript 0 is a common sulffix in the equation;
it is omitted in the following discussion in this sec-
tion.

One can find an axis about which a translational
rotation can superpose the coordinate system
[Xi+1] upon that of [X;]. This is the helix axis.
The helix-coordinate system about this axis is de-
fined as shown in Fig. 2. In that rectangular co-
ordinate system, [&.]= (s, & (i), Ex-axis points
to the origin of the [X;], {;-axis is on the helix
axis, and 7-axis is taken so as to make the co-
ordinate system right handed. Coordinates of an
arbitrary point §; and &4, which refer to [&;]-
system and [&..]-system, respectively, are trans-
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Fig. 2. The coordinate system [§;].

formed into each other by the following equation®,

& = N&rw1 + L, (5)
cosf! —sinf 0
where IV = |sinf cosf 0], (5a)
0 0 1
L = (0,0,d)1,

@: translation angle,

d: translation distance along the helical
axis per repeating unit.

The translation angle is taken to be positive at
the right handed screw direction looking from &

to k+1. This helix coordinate system is expressed

in terms of the set of internal coordinates by intro-

ducing the transforming matrix 7.4 Namely,
g=TX: + S (6a)
i1 =TXei1 + S (6b)
S = (p, 0, 0)f (60)

where p is the radial distance from the helical
axis to an atom (k, 0). Thus, from Eqgs. (4),
(5) (6a), and (6b), we obtain®

N= T'Ak.l:‘{-l'Tt (7)

and
4) This T matrix is the transpose of the “T used
by Shimanouchi and Mizushima.®
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(N_ I)S + L = T'Bk.k'l'l (8)
I': unit matrix. '

The elements, #;;, of the matrix T are related
to the parameters defining a helix: 8, d, and p,
by the following equations

plcost) —1) = t;yby + tizhy + 41bs, (9a)
psin3 = 32151 + tzzbz -+ tngg, (gb)
d = ta1hy + t32b5 + t33hs, (9¢c)

where b’s are the elements of By z+1= (b1, b, b3)1.
Shimanouchi and Mizushima?® gave the follow-
ing three equations:

d? = [by(a13+as1) + ba(as+as)
+ bs(azs—an—azn+1)]1%/(3—an—a—as)
X (agz—ay—ag+1), (10)
and cosfl = (ay;+ass+az—1)/2, (11)
p* = (b + b7+ bs* —d?) /(3 —an —asn—as), (12)

where a;;’s are the elements of Ay g+1.

The two equations (10) and (11) are useful for
calculating the residue translation distance (d)
along the helix axis and the residue rotation angle
(@) around the axis from a given set of bond lengths,
bond angles, and dihedral angles. We like to add
a new equation here,

2dsinfl = (ag—ayz)bs +
(@13—a31)bs + (azp—azs)by, (13)

so that the sign of # can be uniquely determined.
(This equation (13) can be derived as shown in
Appendix I from Egs. (7) and (9c) by the use of
the fact that T is an orthogonal matrix with |T'|=
1.) Let d be positive on going from k to k+1.
Then, 0<@< x, when the right side value of Eq.
(13) is positive; and —rz<0<0, when the right
side value of Eq. (13) is negative. It should be
mentioned here that Miyazawa® gave equations
corresponding to Egs. (10), (11), (12), and (13)
in some different forms.

3. Structure Parameter for
Each Atom

On the basis of what have been described, the
cylindrical-polar coordinates of each atom in a
helical polymer are now to be given. Let us set
the origin of the coordinates so that &, ,=0,
dy,0=0, pgo=p for the Oth atom in the Oth res-
idues. Owur problem is now reduced to the prob-
lem of obtaining the (£, 7, {) values of the ith
atom in the kth residue in terms of the [&,,] co-
ordinate system. This is given as

P11 08 Oy; Exi
Pri sin &y |= Nri Eeook‘=TX00H + 8. (14’)
dy Cri
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Herer pu;, 0p; and dy; are the cylindrical-polar
coordinates of the ith atom in the kth residue.
(px; does not depend upon k and may be rewritten
as pg). Xoo** is the (x, y, z) values of the (k i)
atom in terms of the [X{] coordinate system. The
coordinates of the (k {) atom in terms of the [X3:]
coordinate system should be (0, 0, 0), that is

0
X =10 :’ - (15)
0
On substituting this in Eq. (3),
Xog¥t = Bco,n)(t,t)— (16)

Therefore,
&u® = TBq, o, + S

Since Bco,oxk,s> and S are known as given by
Egs. (2b), (6¢c), and (12), our last task is now
to calculate T. (These 7" and S matices in Eq.
(17) are common for any atom { in this helical
molecule, regardless of whether it is in the main-
chain or in the sidechain.)

(17)

4. Calculation of the T Matrix

Elements of the transformation matrix T are
determined from Egs. (7) and (8). On rewriting

Eq. (7),
Aix+1 = TINT. (18)
By diagonalizing IV, we obtain,
N = U, AU, (19)
emt? 0 0
where A = [0 gtd 0] . (19a)
0 0 1

U, is put tentatively as unitary matrix aside from
its arbitrariness:

1 i
2
_ i 1
U, vV v 0], (20)
0 0 1

where U7,~ =¥ and % indicates Hermitian con-
jugate. From Egs. (18) and (19),

A, oxci+1,0 = TUFAUT=U*AU

where

(21)

U= UT, (21a)

Each of the rows of the matrix I/* can be obtained
as eigenvectors where they still have an arbitrary
phase factor in the form ¢'=. But, when we use
the condition that the elements of the matrix T
obtained by Eq. (21) should be real, it is finally
written as follows (see Appendix II),
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Clagicosf+ayzcos(f+ 8)]  ClagacosB +asscos(f+ 8)]  ClasscosB —(ayy + azz)cos(f+ ) +cos(20 + )]
T=l— Clagsin f +aygsin(f+ §)] — Clagsin +aggsin(f+ B)] — Classin — (ay; + ag)sin(f + B)+sin(20 + l8)]} (22)
+C'(as+ays) £ C'(a32+as) +C'(agg—aze—an +1)
The constants ¢ and €' are normalization factor, that is,
C = {2(1 —ay;)sin?0) —1/2 (23a)
C' = {(8—an—ayn—as) (a3 —ap—an+1)} 712 (23b)
The sign left undetermined at the third row in Eq. (22) can be given by the condition =0
from Eq. (9c). f in Eq. (22) has come from the phase factor that has not been determined
yet. Since this term comes from Eq. (18) which does not involve the fact that the §g-axis is

directed to the origin of the system [X;], the [§;]-system has a freedom of rotation about
the helix axis. The freedom is to be removed by taking Egs. (9a) and (9b) into account

(see Appendix IIT). Thus,
7
B = -—%ﬂ + mm, (m: integer) (24)
where
_ 2uvsind + (v2 + 2uw)sin28 + 2vwsin 36 + w?sindd
7y = tan—! (24a)
u? + 2uvcost + (02 + 2uw) cos28 + 2vwcos30 + wicosdl
u = anby + asb; + asb; (24b)
v = ay3hy + apshy — (a+az)bs (24c)
w = ba. (24(1)
7 can be fixed in the region of —x/2 — x/2 if the sign of the following value is positive:
u? 4 2uvcos + (2 + 2uw)cos2@ + 2vwcos36 + wicosdd
cosy = (25)

and 7 is in the other region when it happens to
have a negative value. The ambiguity of the
amount mz in Eq. (24) leaves an undetermined
sign at the first and second rows in the matrix T
This is determined by the use of Eq. (9a) and the
condition that p(cosf—1)=<<0. The matrix T can
then be produced without any ambiguity.

5. Summary with an Example

Suppose that, for poly-L-alanine, the bond
lengths and bond angles are given as are shown in
Fig. 3, and dihedral angles as follows:

7(CC,NC) = 120°,

Fig. 3. The bond lengths and bond angles as-
sumed for poly-L-alanine.

u? + 02+ w? + 2 (uv + vw) cosd + 2uwwcos26

7(C,NCC,) = 0°,
#(NCC,C) = 140°.

Let C, atom as the zero-th atom in a kth residue.
Then, the matrix elements of Ac,oxk+1,00 and
Bci,oxk+1,00 are calculated by the use of Egs.
(2a) and (2b). Substituting the values of these
elements into Eqs. (10), (11), (12), and (13), we
obtain

d= 1594,
d =103.7°,
and o =219, A,

Next, C and C' are to be calculated by Eqgs. (23a)
and (23b), then r by Egs. (24a)—(25), and 8 by
Eq. (24). The T matrix elements are now cal-
culated by Eq. (22). We are now ready to cal-
culate the cylindrical-polar coordinates of any atom
(). By the use of Eq. (2b), Bck,oxk,:) matrix
is obtained. S is known to be (2.19, A, 0, 0).
Therefore, &** can be calculated (Eq. 17), from
which p;, #;, d; values are derived by Eq. (14).
What are obtained are as follows:

Ca: p=2.19,A #=0° d=0A

N: 1.404 28.1; 0.89;
carbonyl C: 1.62; 76.4; 0.48;
O: 2.00, 82.0, —0.68,

H on N: 1.34; 15.54 1.84,
Cg: 3.20, —18.0g 0.81,

H on C,: 2.94, 14.8, —0.43;
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Appendix I. Derivation of Eq. (13)
From Eq. (7), we obtain the relations:

ayz = (ttre+lantze)cosd + (fotio—tutee)sing + taitse

(AD)
and
ag = (tiytip+intae)cosd — (fartiz— tiitae)sing + taifae.
(A2)

From these two relations,
(a12—an)/2 = (tatiz— tutze)sing. (A3)
The T matrix is an orthogonal matrix with |T|=1;

therefore, its adjoint matrix 7" should be equal to Tt
Hence

tyy = tntse — liator. (A4)
From Eqgs. (A3) and (A4),
ty; = (az—aye)[2sing. (A3)

In similar ways, one can obtain the following two
relations:

lgo = {am—aal)j'?sinﬂ (Aﬁ)
and
ty = (@sp— ags)/2sing. (A7)

On substituting these expressions for fy3, f3, and 5
in Eq. (9¢), we obtain Eq (13).

Appendix II. Derivation of Eq. (22)

From Eq. (21),
AU* = U*A (A8)
This can be written as
ay ayz arg) Iyl Ly bip Ly e 10 0 0
@z gy Agg llﬁl log log | = | Lag L2n L2s |.0 ei? (AQ)
agy asy asg 'Ll sz lss Igy lgg 133 11O 0

where s are the elements of the [7* matrix. Of these
elements [y;, ls;, and Iy form the eigenvector for the
eigenvalue e~#¢ of the A matrix. These values can
be obtained by solving the simultaneous equations:

=

anly + aply + aply = e 01y,

agilyy + ageloy + asaly = e 01y, (A10)
and aslyy + agalsy + agly = e 101y,
as
|a1o ays
Iy =0y 7 . All
" Hag—e10 ay (ath
a ay —e= 10|
Iy = G| On [, (A12)
|ﬁ23 azy |
and
lay—e" 0 ap !
Iy =G| B el (A13)
|dzy agp—¢€ |
where C, is a constant to be determined later. Since

the A matrix is an orthogonal matrix with |[4|=1,

its adjoint matrix A should be equal to Af. There-
fore, we have

(Al4)
(A15)

@12G23 — G383z = daiy

ayaz — apdey = Az,
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and
ay g — ajpds = g (A16)
On substituting these into (All), (Al2), and (Al13),

Iy = Cyfag + ape™'?), (A17)

Iy, = Cylags + age™?), (A18)

Ly = Cylass — (ay+az)e™ 10 +e-2i0]. (A19)
Because U'* should be a unitary matrix,

Iy + logdoy® + lgly* = 1. (A20)

On substituting Egs. (A17), (A18), and (A19) into Eq,
(A20),
4C*Cy(1 —agy)sin® = 1, (A21)
or
Cy = e~ iB15[(1 —agy)sin®d] ~1/2, (A22)
In an analogous way, the eigenvectors for the eigenvalue
¢i? can be obtained as

liz = Cyfaa; +a13¢'?), (A23)
lys = Cyfage+aze'?), (A24)
and
Iye = Colagg—(a11 +ag)ei? +€290], (A25)
where
Co = 18" V4[(1 — agq)sind] ~1/2. (A26)
For the eigenvalue 1,
lig = Cyagi+ais), (A27)
I35 = Cyage+azs), (A28)
and
I = Cylags—ay—azn+l), (A29)
where
C; = 8’--8”[(3—011'—322—'033)(033‘322"“11+1)]_”3
{A30)

From these elements of I7*, the elements of U can
be obtained. By the use of the relation,

T = UO*U,

T matrix is now to be calculated.

(A31)
In this calculation
we can easily find that the relations:
elf’ = qefh (A32)

and
6B = +1 (A33)

are required so that all the elements of the T' matrix
are real. By substituting Eqgs. (A32) and (A33) into
Egs. (A23)—(A30), and by the use of Eq. (A3l), we
can reach Eq. (22) in the text.

Appendix III. Derivation of Eq. (24)

From Egs. (9a) and (9b), the following two relations
are obtained:

p(cosf—1) + ipsinf = p(e'? —1)

= (ty +itar)by + (tra+ite)bp+(tia+ites)bs (A34)
and
plcosf—1)—ipsing = p(e~70—1)
= (tyy—iter)by + (tie—itoe)be + (tiz—ites)ba. (A35)
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By substituting the 7" matrix elements given in Eq. (22)
into these relations, we can rewrite them as

p(ef? —1) = Ce~i#{(asg; +ane™ 0)by +(asz+ aze~ 10)by

+ [ags—(an +as)e= 10 +e 2074y}, (A36)
and
p(e= 18 —1)=Ce'# {(ag, + arae? )by + (asz+asse ®)bs
+ [2sa—(ays +age)e? ¥ +¢%10]b;) (A37)
Therefore, we have
'ﬁ—f;?-l- = —eit = emsin £, (A38)
where
z=1u-+ vel® | weid, (A39)

with u, », and w defined as are given Eqs. (24b), (24¢),

and (24d) in the text. Let us put
. z*
e~ = T . (A40)

Then, Eq. (A38) becomes

—ell = g=2ipeir, (A41)

2549

or
(0 +7) = g=i(2p+7), (A42)

Therefore,
04+ = —(28+7) + 2mn,

where m is an integer. This is equivalent to Eq. (24)
in the text. From Eq. (A40), we obtain
(¥ +2°

2zz*

(A43)

cosy = (A44)

and

(-2
if(e*e+22]

On substituting Eq. (A39) into Eqs. (A44) and (A45),

we have the two relations (25) and (24a) in the text.

tany = (A45)

Note. After the completion of this work, we have
been informed that H. Sugeta and T. Miyazawa devel-
oped a method of calculating the T' matrix elements
which is somewhat different from our method given
here.




